
4 Systems on the plane and beyond it

Please submit solutions to non-starred exercises by October 19th. All the required material can be
found in, for instance, Barreira and Valls, Ordinary Differential Equations, AMS, 2012 as well as in
many other textbooks.

♢ 4.1. Consider the equation in polar coordinates

ṙ = r cos θ, θ̇ = sin θ.

1. Sketch the phase portrait.

2. Determine the stability of all critical points.

3. Find the index of all isolated critical points.

♢ 4.2. Show that if f, g : R2 −→ R are bounded continuous functions, then the system

ẋ = y + f(x, y), ẏ = −x+ g(x, y)

has at least one equilibrium.

♢ 4.3. Give an example of a vector field with an isolated equilibrium that has index −n. Sketch the
vector fields for n = −2,−3.

♢ 4.4 (∗). In class I heuristically showed that the indexes of hyperbolic points of linear vector fields
on the plane can be only ±1. Prove it by using the integral for the index of a curve.

♢ 4.5. Recall the statement of Brouwer’s fixed point theorem: Let n-dimensional closed ball be
mapped into itself by a continuous f : Bn −→ Bn. Then there is at least one x̂ ∈ Bn such that
f(x̂) = x̂. Prove, using this theorem, the following

Theorem 4.1. Consider dynamical system ẋ = f(x), x(t) ∈ Rn. Assume that there is a set K ⊆ Rn

that is homeomorphic to the n-dimensional ball, and which is forward invariant with respect to the
orbits of this dynamical system. Then in K there exists at least one equilibrium.

Note: This is a quite useful theorem as the following problem shows.

♢ 4.6 (∗). Consider the so-called symmetric game defined by matrix A = [aij ]. This means that there
are two players that choose one strategy out of n. Then aij is the payoff of first player if he/she chooses
strategy i against second player’s strategy j (and payoff of the second player is given by aji, so that
payoff matrix of the first player is A and A⊤ is the payoff matrix of the second one). The strategies
can be pure (pick one specific strategy and stick to it) or mixed (in this case a player chooses strategy
i with probability xi, so that

∑n
i=1 xi = 1, and we write x ∈ Sn to emphasize that x belongs to the

simplex Sn). By definition, Nash equilibrium is the vector x ∈ Sn such that

z ·Ax ≤ x ·Ax

for any z ∈ Sn. (Since y · Ax gives exactly the payoff of the mixed strategy x against mixed strategy
y, Nash equilibrium means that strategy x is the best reply to itself.) Prove the following theorem
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Theorem 4.2. For any symmetric game A there exists a Nash equilibrium.

Hint: Consider the system of ODEs of the form ẋi = xi((Ax)i − x ·Ax). By definition a saturated
equilibrium of this equation is an equilibrium x̂ such that if x̂i = 0 then (Ax̂)i − x̂ · Ax ≤ 0. First
show carefully that the notions of a saturated equilibrium and Nash equilibrium are equivalent (in
particular you must show that if x̂i ̸= 0 then equality must hold).

Second, consider also the equation ẋi = xi((Ax)i − x · Ax − nϵ) + ϵ and show that it always has
an equilibrium inside Sn. By sending ϵ → 0 show that this equilibrium corresponds to a saturated
equilibrium of the unperturbed replicator equation.

♢ 4.7. We had a discussion of omega and alpha limit sets in class. But how to find them? Sometimes
the following theorem is useful, which you are asked to prove. Function V is a Lyapunov-type function
which you studied in the first ODE class.

Prove

Theorem 4.3. Let ẋ = f(x), x(t) ∈ G ⊆ Rn and let V : G −→ R be continuously differentiable. If
for some solution x(t), the derivative V̇ of the map t 7→ V (x(t)) (that is, this is a derivative along
the vector field f) satisfies the inequality V̇ ≥ 0 (or V̇ ≤ 0), then ω(x) ∩ G is contained in the set
{x ∈ G : V̇ (x) = 0} (and so is α(x) ∩G).

♢ 4.8. Consider the following system on the plane:

ẋ = x(a− ex− by),

ẏ = y(−c+ dx− fy),

with a, e, b, c, d positive and f ≥ 0.
Show that R2

+ = {(x, y) ∈ R2 : x ≥ 0, y ≥ 0} is an invariant set. Give a full description of possible
dynamical regimes in R2

+ depending on the parameter values. Hint: recall the terms null-clines,
equilibria, stability, Hartman–Grobman theorem, stable manifold theorem. For a full analysis you will
need to use the theorem from the previous problem, a good candidate for V (x, y) = d(x̂ log x − x) +
b(ŷ log y − y), where x̂, ŷ are coordinates of the interior equilibrium in R2

+ if it exists.

♢ 4.9 (∗). Consider the hypercyclic equation

ẋi = xi(kixi−1 −
n∑

j=1

kjxjxj−1)

where x0 means xn. This is replicator equation with the matrix

A =


0 0 0 . . . k1
k2 0 0 . . . 0
0 k2 0 . . . 0
...
0 0 . . . kn 0

 .

1. Find that there is only one equilibrium inside Sn (“inside” means that all the coordinates are
positive).
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2. Show that the transformation

yi =
kj+1xi∑n
j+1 kj+1xj

yields a dynamical system that is topologically equivalent to

ẋi = xi(xi−1 −
∑
j

xjxj−1)

3. Using V (x) = x1x2 . . . xn (and Exercise 4.7) show that for n = 2, 3 the unique internal equilib-
rium is globally stable.

4. Can you make the same conclusion about n = 4?

5. What about n > 4?

♢ 4.10. Prove that the system

ẋ = x− y − x3, ẏ = x+ y − y3

has a periodic solution.

♢ 4.11. Prove that if for the vector field f = (f1, f2) ∇ · (gf) is sign definite (for a scalar g) in an
annual region U on the plane, then it can have at most one periodic orbit in U .

Show that the van der Pol oscillator

ẋ = y, ẏ = −x+ λ(1− x2)y

can have at most one periodic orbit in the plane (hint: g(x, y) = (x2 + y2 − 1)−1/2).
(∗) Can you prove that the van der Pol oscillator has at least one limit cycle?
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♢ 4.12. There are six phase portraits of vector fields on the plane shown in the figure. Using various
phase plane techniques, determine which phase portraits are correct and which are incorrect. Modify
the incorrect phase portraits to make them correct, not by deleting any orbits shown but by changing
the stability types of existing orbits or adding new orbits.
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